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Practical Motivation



Recall: SSSP: Single-Source Shortest Path
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Making this Parallel…?

ParallelSequential

More Efficient
(Less Work)

Less Efficient
(More Work)

Dijkstra’s Bellman-FordDelta-Stepping

Delta-Stepping Idea: Explore some fraction 
(delta) of the frontier



The Two Contenders…

Delta Stepping Radius Stepping

- No provable bounds (performance 
highly dependent on delta) + Provable bounds

+ Works well in practice - No implementation / not as 
good as delta stepping

Theory

Practice

How can we get both provable bounds and 
good practical performance?



Other Related Works

Theoretical Provable 
Bounds

Radius Stepping

Parallel Priority 
Queues

(parallel queue in Dijkstra – “no 
interesting results” for work/span 

bounds and not better than 
delta-stepping in practice)

Practical 
Implementations

Delta Stepping

Previously studied independently
This Paper: Combine these fields of research



Rho-Stepping and Delta-Star-Stepping → two new stepping algorithms which are efficient in 
theory and practice

Stepping Algorithm Framework → abstracts general ideas in existing parallel SSSP algorithms

Lazy-Batched Priority Queue (LaB-PQ) → efficient abstract data type implementation which 
extracts the semantics of the priority queue needed by stepping algorithms

This Paper’s Contribution



Contribution 1/3: Lazy Batched Priority Queue (LaB-PQ)



Big Idea: Map with Update Functions and Deletion

Unique IDs I Keys (K) and 
optionally Values (V)
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Big Idea: Map with Update Functions and Deletion

Unique IDs I Keys (K) and optionally 
Values (V)

ID1

ID2

ID3

3

5

6

UPDATE(ID1) to be 3

UPDATE(IDA) to be B

UPDATE(IDZ) to be W

UPDATE(IDX) to be Y

CONCURRENT AND 
LAZY UPDATES

δQ
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Big Idea: Map with Update Functions and Deletion

Unique IDs I Keys (K) and optionally 
Values (V)
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EXTRACT(5)

δQ

CANNOT run 
concurrently



● UPDATE(id) → commits an update to Q regarding the record 
with identifier id. Can be updated lazily. CAN be executed 
concurrently with other UPDATES.

● EXTRACT(theta) → returns all IDs in Q with key <= theta and 
deletes them from the Q. Reflects all previous modifications to 
Q, including Update functions and deletions from the previous 
Extract. CANNOT be executed concurrently with other functions

● Q.REDUCE() → maps each record in Q to a value of type A, uses a binary commutative and 
associative operator ⊕ to compute abstract sum of all records in Q using ⊕

LaB-PQ

Assume existing functions 
(atomic, unit-cost)

WRITE_MIN(p, v)
if (v < *p)  {*p = v;}

TEST_AND_SET(p)
Reads and attempts to set 

the boolean value pointed to 
by p to true. Returns true is 

successful and false 
otherwise

id ∈ I unique id type

k ∈ K key type

v ∈ V value type (optional)

<Q ∈ K x K → Bool comparison function across K

δQ ∈ I → K x V mapping from id to key (and 
optionally value)



LaB-PQ

id ∈ I unique id type Node id

k ∈ K key type Shortest Path Weight

v ∈ V value type (optional) -

<Q ∈ K x K → Bool comparison function across K Weight comparison

δQ ∈ I → K x V mapping from id to key (and 
optionally value)

ID to weight

Encoding as a graph for SSSP



Contribution 2/3: Stepping Algorithm Framework



Stepping Algorithm
User-Defined Functions: EXT_DIST and FINISH_CHECK

Initialize all vertices to ∞ 
and the source to 0

Extract vertices to process

Relax the neighbors

Some post-processing / 
substep



Contribution 3/3: Rho-Stepping and Delta-Star-Stepping



Defining Algorithms in this Framework



Theory + Implementation Details



Implementations

Tournament Tree Array

- Less efficient in practice (large 
memory footprint, random accesses) + Better in practice

+ Has a tighter work bound - Less tight work bound

Practice

Theory

Work
B = batch of UPDATE 

between extract

Modification: O(n log (n/b))
Extraction:     O(b log(n/b))

Span Extract/Update: O(log n) Extract/Update: O(log n)

Modification: O(b)
Extraction:     O(n)



General Step Results: 
Step Bound: In a stepping algorithm, a vertex v will not be extracted 
more than kn times
Work Bound: S steps and U updates: for tournament-tree-based 
implementation, total work is O(U log(n S / U))

Theoretical Guarantees



Tricks

● Sparse-dense optimization
● Queue size estimation and scattering
● Bidirectional relaxation for undirected graphs
● Threshold estimation for Rho-Stepping
● Large neighbor sets



Theoretical Guarantees

● General Step Bound
○ In a stepping algorithm, a vertex v will not be extracted more than kn times

● Work Bound
○ S steps and U updates: for tournament-tree-based implementation, total work is O(U log(n S / U))
○ Delta-Star-Stepping: O(knmlog(nL/(m Delta))) work and O(kn(Delta+L)/Delta logn) span

● Step Bound
○ (krho, rho)-graph (directed): rho-stepping algorithm finishes in O(knn / rho)
○ Number of steps on undirected graph: O(krhon / rho)
○ Delta-Star-Stepping uses O(kn(delta+L) / delta) steps



Results



Experiment Setup

● Quad-socket machine with Intel Xeon Gold 6252 CPUs with 96 cores (192 
hyperthreads)
○ 1.5 TB of main memory, 36MB L3 on each socket
○ G++ and used CilkPlus 

● Graphs Used:
○ 4 social networks com-orkut, Live-Journal, Twitter, Friendster
○ 1 web graph WebGraph
○ 2 road graphs RoadUSA and Germany

● Tuned for the best Delta



Running Time Results

Notice:
● One of their implementations is always better
● Implementations in their framework is always better
● PQ-rho is better on social and PQ-delta-star is better on road

○ Roads have a smaller frontier, so PQ-rho loses some performance



For smaller 
graphs, 

rho-stepping 
is similar to BF 

to maximize 
parallelism

Performance Analysis
Notice: PQ-rho and PQ-delta-star do less work

krho hops to 
reach rho 
neighbors 

for any 
vertex



● Strengths
○ Developed new ADT with a generalized framework for SSSP that has promising results
○ Proposed a theoretical bound for SSSP algorithms using their framework

● Weakness
○ Delta is still highly tunable and probably still greatly affects the performance

● Future Directions
○ Do certain smaller graphs work better with the tournament tree implementation?

Strengths/Weaknesses/Future Directions



Discussion Questions
● Where might LaB-PQ be used other than SSSP?

○ It essentially is a map that can do concurrent updates and non-concurrent remove filters.

● How important are theoretical bounds vs. practicality?
○ If this was yet another paper that had provable bounds but didn’t beat delta-stepping (which, to be 

honest, their best implementation is basically just delta stepping), would it still be 
interesting/useful? For what scenarios might having these bounds be useful?

● The total code isn’t huge (only a few hundred lines of C++) → Could this get 
adopted into real-world use cases? If so, where?
○ Semi-Related: Should we update our benchmarks? For real-world evaluation, no one really uses 

the social networks they used (Live-Journal, Friendster, com-orkut) (I mean, people still use 
Twitter but it’s X now…)


