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(=) Stencils

[ LE L)) L LT LT T
(LTI 0000080880
(LT (L]
80888 0000888088
88888 (LT
L] PEPSORNSSAD
I....L S8888P..00808
(T (LT T T )
(LT -ooSiiennen
(LTI (LT
L L PEPSSRFREED

Prototype implementation of array-processor extensible over multiple FPGAs for scalable stencil computation - Scientific Figure on
ResearchGate. Available from: https://www.researchgate.net/figure/D-example-of-stencil-computation_fig1_220244592 [accessed
13 Nov 2025]

Stencil

Assume an n-dimensional set of
points

A stencil computes the value for a
given point at time t using elements
from its neighbors in prior time
points

Stencil Computations

Computing the result of the stencil
over many iterations

Typically, we want just the final

result and not the result at each time
step

This lets us only need k + 1 buffers,
where k is the most time steps back
our stencil must go



(= ) Cache Misses in
S'l'e N Ci IS Naive Algorithm

For each point (i,j) in N_t:

Fetch points (i-1, j), (i+1, j), (i, j-1, (i, j¥1), and (i,j) from
N_(t-1)

Set (i) = Avg((i-1,j), (i+1, )), Gi, j-1), G, j+1), (i,j)

Cache Misses

Assume N_i is in row major order and our cache is of size Z
with a line of length B.

R R St ot 151 For each point fetch, we will either have a hit or have to fill a
line of size B. Assuming N_i does not fitin Z, we'll need to
start fresh for each iteration. This means we will take N/B
misses per iteration, and so our misses are O(NT/B)

rer multiple FPGAs for scalable stencil computation - Scientific Figure on
le-of-




(Lo ) Prior Work

Bilardi and Preparata
e Focused on simulating parallel machines
e Some similar properties, but does not go beyond dimension 2 for stencil applicability

Prokop
e Cache oblivious, optimal stencil for dimension 1
e Heavily restrained based on dimension and requires operating on a square spacetime region
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Harald Prokop. Cache-oblivious algorithms. Master’s
thesis, Massachusetts Inst. of Technology, June 1999.



(=) 1-Dimensional Stenciling
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Core ldea: Break the spacetime region into
trapezoids
e Example - a 3x11-Dimensional stencil
e The trapezoid representsthe data
dependencies over time

Given a trapezoid, we have three cases:
1. Basecase:t1-t0==
a. Here, we can simply perform the stencil
kernel on the elementsin row t0O as
there’s no data dependencies and output
into t1



(=) 1-D Stenciling: Space Cuts

2. Space case: x1-x0>=2*(t1-t0)
a. Cutthe trapezoid through its center
parallel to the data dependency
b. Recurseon T1, then T2
c. Theorderisnecessary since pointsin
, : : T2 depend on results from T1, but no
% A, i pointin T1 needs a result from T2

ty -

to --f--

Figure 3: Illustration of a space cut. When the space dimen-
sion is “large enough” (see text), procedure walkl cuts the
trapezoid along the line of slope —1 through its center.

Small Caveat: we actually need x1- x0>=2*0* (t1 - t0), where o
is the upper bound of the magnitude of the data dependency



(=) 1-D Stenciling: Time Cuts
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3. Time case: x1-x0<2*(t1-t0)
a. Cutthe trapezoid through its center,
parallel to the x axis
b. Recurseon T1firstand then T2, also

due to a data dependence between
the two

Small Caveat: we actually need x1-x0<2*o0 * (t1- t0), where ois
the upper bound of the magnitude of the data dependency



(=) 1-D Stenciling: Example
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Figure 5: Cache-oblivious traversal of 1-dimensional spacetime for N =T = 10.



(=) Multi-D Stenciling
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Multi-FPGA Accelerator Architecture for Stencil Computation Exploiting
Spacial and Temporal Scalability - Scientific Figure on ResearchGate.
Available from:
https://lwww.researchgate.net/figure/Stencil-computation-using-4-point-2-D-st
encil_fig1_332809964 [accessed 13 Nov 2025]

Very simple generalization
N-dimensional trapezoids
e FEachslicein the (t, x_i) plane forms a1-d
trapezoid

The same formula as before applies
e Space cutalong (t, x_i) if the ith
dimension’s trapezoid is viable
e Otherwise if no space cuts are possible,
time cut



() Cache Complexity: The Base Case

Consider the base case where the trapezoid fits in cache

- Here, we should expect to incur a miss along the boundaries of the rectangle

How do we bound the surface of our trapezoids?

At/2 n
—At/2 0

- v.(t) =the difference in the data dependency slopes in the i dimension

At/2+$ n
V(s)= Y JJ(wi+2s+uvs)
—At/2—s 0

- V(0) =Vol(T), V(1) - V(O) >= Sur(T)
- We can therefore approximate Sur(T) with V’(0)

Lemma 1l Let 7 be the n-dimensional trapezoid
T(to,tl,ac(()z),iff),xg’),:i'gz)), where 0 < i < n. Let 7 be
well-defined, w; be the width of the trapezoid in dimen-
sion ¢, and let m = min(At, wg, w1, ..., w, 1)/2. Then,
there are O((1 + n)Vol(7)/m) points on the surface of
the trapezoid.



() Cache Complexity: The Base Case

We can also approximate V(s)

At/2+s
V(s) = / I | (w; + 2s + v;t)dt
Lemma 1l Let 7 be the n-dimensional trapezoid
L _ T(to,tl,m(()z),:tg),xgz),:bgz)), where 0 < i < n. Let T be
After SUbStItUtlng t—(m+s) r,we get well-defined, w; be the width of the trapezoid in dimen-
sion ¢, and let m = min(At, wg, w1, . .., wy, 1)/2. Then,

(At/2+s)/(m+s) there are O((1 4+ n)Vol(T)/m) points on the surface of

(m + s)(w; + (2 4+ vir)s + virm)dt the trapezoid.

(At/2+s)/(m+s) g<i<n,

V(s) =

To introduce some shorthand, let’s let

9(s) = (At/2 + s)/(m + s) 9(s)
nd so Vi(s) =
flsr) = H (w; + (2 + vyr)s + vyrm) Ane ( ) /;g(s)

0<i<n



() Cache Complexity: The Base Case

Returning to Sur(T), recognize that since Sur(T) < V(1) - V(0), we can approximate it with V’(0), whichis

*9(0) o
V,(O) - g'(O)rIL(f(O,g(O))+f(O, _Q(O)))+/_ (0)(f(03 T)‘i"ﬁl' df(c;S’ )

|s=0)dt

Notice that:

YTy g0y 3 2t

ds Wy - urm

m -
0<j<n

Since mis half the minimum of w_j, this is upper bounded by n * f(O,r)



Finally, note that
g'(s) = (m— At/2)/(m + 5)*
Since m < Dt/2, this must be negative. Thus

g'(0)-m-(f(0,9(0))+f(0,—9(0)))

Must be negative as welll Thus:

Lemma l Let 7 be the n-dimensional trapezoid
T(to,tl,w(()z),g'v(()z),xgz),dcgl)), where 0 < i < n. Let 7 be
well-defined, w; be the width of the trapezoid in dimen-
sion 4, and let m = min(At, wo, w1, ..., w, 1)/2. Then,
there are O((1 + n)Vol(7')/m) points on the surface of
the trapezoid.

At/(2m)
V(0] = /_ (1 4+n)f(0,r))dr =(1+n)V(0)/m

At/(2m)



MATH IS ALMOST OVER!!!
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(=) Cache Complexity: Bringing it

Together

The algorithm cuts trapezoids till it finally finds
one that fits in the cache of size Z
- Weincur misses linear to the amount of
points on the surface, O(Sur(T))
Since we cut space if our width is ever too big,
we have that Dtis Theta(wi), and so is
asymptotically lower bounded by Sur(T)"*(1/n)

Since Dtis O(wi), mis Theta(Dt), and so Sur(T)
is O(Vol(T)/Dt). Thus, our misses per
subtrapezoid are
O(Vol(T)/Sur(T)*(1/n))=0(Vol(T)/Z*(1/n)).

Theorem 2 Let 7 be the well-defined n-dimensional
trapezoid 7 (to,tl,a:(()z) ,d:((f),wgz),:icgz)). Let procedure
walk traverse 7 and execute a kernel in-place on a
machine with an ideal cache of size Z. Assume that
At = Q(ZY™) and that w; = Q(Z'/") for all i, where
w; is the width of the trapezoid in dimension i. Then,
procedure walk incurs at most O(Vol(7)/Z'/™) cache

misses.



(=) Paper Review

Strengths

Simple algorithm

Well explained, with a simpler
version and a more general
case

Great theoretical bounds
Rigorous analysis

Weaknesses
- Noimplementation
- Quite a few assumptions (i.e.
ideal cache) which are difficult
to weigh without a practical
implementation

Yuan Tang, Ronghui You, Haibin Kan, Jesmin Jahan Tithi, Pramod
Ganapathi, and Rezaul A. Chowdhury. 2014. Improving Parallelism of
Recursive Stencil Computations without Sacrificing Cache
Performance. In Proceedings of the Second Workshop on Optimizing
Stencil Computations (WOSC '14). Association for Computing
Machinery, New York, NY, USA, 1-7.
https://doi.org/10.1145/2686745.2686752

Next Steps
- Implementation
- Consider parallelization

time

time cut

space

space cut



1. Do you see non-ideal cache scenarios (i.e. LRU
replacement) to be a potential concern for
Implementations of this algorithm?

2. Does this algorithm seem reasonable to GPU settings
where caching may be done explicitly but where much
of stenciling workloads appear?

3. Canyou think of any ways to parallelize this workload?



Thank you!



