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Dovetail Sort: What is a dovetail anyway?

Dovetail Merge (DTMerge)

HEAVY

LIGHT

HEAVY

LIGHT

HEAVY

LIGHT

HEAVY

HEAVY

HEAVY
LIGHT

HEAVY

LIGHT

LIGHT

HEAVY

finewoodworking.com



Digital Structures | Natasha K. Hirt

Algorithm Engineering: Parallel Integer Sort: Theory and Practice

Integer sorting
e.g. Counting sort. Faster than comparison sorts because integers can also be used as indices

Unsorted array. Range = 0-9

8 4 3 3 5 0 7 77 9 1



Digital Structures | Natasha K. Hirt

Algorithm Engineering: Parallel Integer Sort: Theory and Practice

Integer sorting
e.g. Counting sort. Faster than comparison sorts because integers can also be used as indices

Unsorted array. Range = 0-9

8 4 3 3 5 0 7 77 9 1

Initialize counting array.

0 0 0 0 0 0 0 0 0 0

i = 0 i = 1 i = 2 i = 3 i = 4 i = 5 i = 6 i = 7 i = 8 i = 9
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Integer sorting
e.g. Counting sort. Faster than comparison sorts because integers can also be used as indices

Unsorted array. Range = 0-9

8 4 3 3 5 0 7 77 9 1

Initialize counting array.

0 0 0 0 0 0 0 0 0 0

i = 0 i = 1 i = 2 i = 3 i = 4 i = 5 i = 6 i = 7 i = 8 i = 9

0 0 0 0 0 0 0 1 0 00 0 0 0 0 0 0 1 1 01 1 0 2 1 1 0 3 1 1
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Integer sorting
e.g. Counting sort. Faster than comparison sorts because integers can also be used as indices

Unsorted array. Range = 0-9

8 4 3 3 5 0 7 77 9 1

Initialize counting array.

1 1 0 2 1 1 0 3 1 1

i = 0 i = 1 i = 2 i = 3 i = 4 i = 5 i = 6 i = 7 i = 8 i = 9

0 1 2 2 4 5 6 6 9 10

i = 0 i = 1 i = 2 i = 3 i = 4 i = 5 i = 6 i = 7 i = 8 i = 9

Compute prefix sum
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Integer sorting
e.g. Counting sort. Faster than comparison sorts because integers can also be used as indices

Unsorted array. Range = 0-9

Initialize counting array.

1 1 0 2 1 1 0 3 1 1

i = 0 i = 1 i = 2 i = 3 i = 4 i = 5 i = 6 i = 7 i = 8 i = 9

Compute prefix sum

0 1 2 2 4 5 6 6 9 10

Sort into final array

i = 0 i = 1 i = 2 i = 3 i = 4 i = 5 i = 6 i = 7 i = 8 i = 9

v = 0 v = 1 v = 2 v = 3 v = 4 v = 5 v = 6 v = 7 v = 8 v = 9 v = 10

8 4 3 3 5 0 7 77 9 18 4 3 3 5 0 7 77 9 1

No comparisons needed! Just counting
Slow for integers where r >= Ω(n) (around 16 bits)
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7921

0245

9224

0023

2331

2301

4531

Radix sort
Chunking a big integer sort problem into smaller problems that can be handled quickly with counting sort.

Unsorted array

7921

0245

9224

0023

2331

2301

4531
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Radix sort
Chunking a big integer sort problem into smaller problems that can be handled quickly with counting sort.

Unsorted array

7921

0245

9224

0023

2331

2301

4531

Counting sort for LSD
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7921

0245

9224

0023
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2301
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4531

Radix sort
Chunking a big integer sort problem into smaller problems that can be handled quickly with counting sort.

Unsorted array

7921

0245

9224

0023

2331

2301

4531

Counting sort for next LSD
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Radix sort
Chunking a big integer sort problem into smaller problems that can be handled quickly with counting sort.

Unsorted array
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2301

And the next LSD
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Radix sort
Chunking a big integer sort problem into smaller problems that can be handled quickly with counting sort.

Unsorted array

7921

0245

4531

2331

0023

2301

9224

One more…

2331

7921

4531

0023

0245

9224

2301

7921

0245

9224

0023

2331

2301

4531



Digital Structures | Natasha K. Hirt

Algorithm Engineering: Parallel Integer Sort: Theory and Practice

7921
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4531

Radix sort
Chunking a big integer sort problem into smaller problems that can be handled quickly with counting sort.

Unsorted array

7921

0245

4351

2331

0023

2301

9224

And done!
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01111010110001

00000011110101

10010001100000

00000000010111

00100100011011

00010010001101

10001101101011

Radix sort
Chunking a big integer sort problem into smaller problems that can be handled quickly with counting sort.

Unsorted array And done!

01111010110001

00000011110101

10010001100000

00000000010111

00100100011011

00010010001101

10001101101011

Radix sort works in binary too.
𝛾𝛾 = number of bits in a digit (e.g. 2)

b = 2𝛾𝛾 “radix” size (e.g. 4)
r = range (e.g. 16 for a nibble)
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Radix sort
Chunking a big integer sort problem into smaller problems that can be handled quickly with counting sort.

Redundant!!! duplicate values are 
always sorted individually.

In part because parallel IS algorithms 
use MSD instead of LSD so identical 
values are only identified at the end 
(vs samplesort being able to identify buckets between 

identical low and high pivots and skip them, for instance)

01111010110001

00000011110101

10010001100000

00000000010111

00100100011011

00010010001101

10001101101011

Unsorted array And done!

01111010110001

00000011110101

10010001100000

00000000010111

00100100011011

00010010001101

10001101101011
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Dovetail sort (DTSort)
Bucketing high frequency (heavy) values, recursing over low frequency (light) values, merging.

Random sampling

𝛾𝛾 = 2
b = 2𝛾𝛾 = 4

r = 16
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Dovetail sort (DTSort)
Bucketing high frequency (heavy) values, recursing over low frequency (light) values, merging.

Random sampling

𝛾𝛾 = 2
b = 2𝛾𝛾 = 4

r = 16

Which values appear >1?

Based on Chernoff bounds, any key appearing more than once
must have                  occurrences in the input! “Heavy” keys.
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Dovetail sort (DTSort)
Bucketing high frequency (heavy) values, recursing over low frequency (light) values, merging.

0110 0100 0000 0100 1000 0010 0110 0100 0111 1001 1011 0101 1111 0100 1101 1010 1001 0100 1110 0101 1001 1011 0110 1001

Random sampling

Binary representation

𝛾𝛾 = 2
b = 2𝛾𝛾 = 4

r = 16
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Dovetail sort (DTSort)
Bucketing high frequency (heavy) values, recursing over low frequency (light) values, merging.

0110 0100 0000 0100 1000 0010 0110 0100 0111 1001 1011 0101 1111 0100 1101 1010 1001 0100 1110 0101 1001 1011 0110 1001

Random sampling

Most significant digit 

𝛾𝛾 = 2
b = 2𝛾𝛾 = 4

r = 16
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Dovetail sort (DTSort)
Bucketing high frequency (heavy) values, recursing over low frequency (light) values, merging.

0110 01000000 0100 10000010 0110 0100 0111 1001 10110101 11110100 11011010 10010100 11100101 1001 10110110 1001

Random sampling

Most significant digit  

𝛾𝛾 = 2
b = 2𝛾𝛾 = 4

r = 16

00 01 10 11

Sort by most significant digit (𝛾𝛾 = 2)
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Dovetail sort (DTSort)
Bucketing high frequency (heavy) values, recursing over low frequency (light) values, merging.

0000 10000010 10011011 1111 11011010 1001 111010011011 1001

Random sampling

Most significant digit  

𝛾𝛾 = 2
b = 2𝛾𝛾 = 4

r = 16

00 01 10 11

Sort into light and heavy buckets
01 10

0110 0100 01000110 010001110101 0100 01000101 0110
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Dovetail sort (DTSort)
Bucketing high frequency (heavy) values, recursing over low frequency (light) values, merging.

Random sampling

Most significant digit  

𝛾𝛾 = 2
b = 2𝛾𝛾 = 4

r = 16

Sort heavy buckets

0000 10000010 10011011 1111 11011010 11101011

10 1110

010001110101 0101 0110

00 0101
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Dovetail sort (DTSort)
Bucketing high frequency (heavy) values, recursing over low frequency (light) values, merging.

0000 1000 10110101 111111011010 11100101 1011

Random sampling

Most significant digit  

𝛾𝛾 = 2
b = 2𝛾𝛾 = 4

r = 16

Sort heavy buckets

Recurse over light buckets (could resample but we reached base case)

00 01 00 10 11 01 10 11

0010

1001

10 1110

0100

0111

0110

00 0101
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Dovetail sort (DTSort)
Bucketing high frequency (heavy) values, recursing over low frequency (light) values, merging.

0000

Random sampling

Most significant digit  

𝛾𝛾 = 2
b = 2𝛾𝛾 = 4

r = 16

Sort heavy buckets

Recurse over light buckets (could resample but we reached base case)

Merge

0000

1000 10110101 111111011010 11100101 1011

00 10 10 01 10 11

0010 1001

10 1110

0100 01110110

00 01

00 0101
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Dovetail sort (DTSort)
Bucketing high frequency (heavy) values, recursing over low frequency (light) values, merging.

0000

Random sampling

Most significant digit  

𝛾𝛾 = 2
b = 2𝛾𝛾 = 4

r = 16

Sort heavy buckets

Recurse over light buckets (could resample but we reached base case)

Merge

0000

1000 10110101 111111011010 11100101 1011

00 10 10 01 10 11

0010 1001

10 1110

0100 01110110

Output 0 2 4 4 4 4 4 5 5 6 6 7 8 9 9 9 9 10 11 11 13 14 15  Base 10 representation

00 01

00 0101
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Dovetail sort: Sampling

Inspired by Rajasekaran and Reif, 1989
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Dovetail sort: Sampling

1. Set parameter p, input size n
2. S ← uniformly select (p log n) random samples (2𝛾𝛾 log n)
3. S’ ← subsample log n-th key, add if multiple occurrences

If a key appears more than once in S’ it is likely to have 
Ω(n/p) occurrences (Ω(n/ 2𝛾𝛾))

Keep heavy and light buckets together in 
same MSD zone (light first, then sorted 
heavy)

Hash map for heavy bucket ID (zone, 
key) and associated light bucket
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Dovetail sort: Distributing

Counting sort with bucket ID as key to 
order records into buckets
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Dovetail sort: Recursing

Recursively sort each light bucket

Keep identifying heavy keys! Will make distribution 
much more lightweight.

Heavy heavy → medium heavy → light heavy through 
levels of recursion

bestbullysticks.com
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Status check

1. All keys sorted into MSD zones
2. All heavy keys in a zone sorted
3. All light records sorted within the light bucket

How?

???!!?
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Dovetail merge

m + 1 buckets (maximum 2𝛾𝛾+ 1)
Sort serially within each bucket!

010001110101 0101 0110

0101

m = 2

Goal: minimize data movement, beat parallel merge polylogarithmic span and linear work

1. Copy smaller of light/heavy into T
2. Safely/in-place move remaining keys into final positions

T 01110101 0101

Out 0100 0110

3.    Copy T keys back in

0100Out 01100101 0101 0111
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Dovetail merge: reshuffle safe and in-place?
How to get bucket Bi from one place to the next while minimizing data movement?

Scenarios:
1. Bi contains light records
2. New position of Bi overlaps with earlier 

bucket Bi’
3. New position of Bi overlaps with its own 

original position

✅ backed up in T!

✅ Bi’ has already been moved!

Uh oh! Circular shift algorithm!
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Status check

1. All keys sorted into MSD zones
2. All heavy keys in a zone sorted
3. All light records sorted within the light bucket

Base case?
• All digits are sorted
• Problem size n < 22𝛾𝛾 (use comparison sort)

Keep going!

Done!
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Theory

😱😱

Prove that parallel integer sort >>> comparison sort
Prove that the same applies to Dovetail sort
Special input distributions!
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Theory

Why the theory and practice of parallel integer sort?

Best work bound so far:

hi julian

Comparison sort where r = Ω(n):

… really shouldn’t be the 
same given practical 
performance of parallel IS

Recall! main use case for integer sort
Else counting sort is better

Start by closing theoretical gap and 
get it down to
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Theory
SETUP
DIGIT: 𝛾𝛾 bits
RADIX: 2𝛾𝛾 bits

Problem: if key has log r bits and a digit is γ bits then n levels = log r / γ. How to pick γ?

γ γ

γ

smallbig

Counting sort is too 
expensive! 2γ buckets!

One gagillion recursion 
levels

Magic γ can 
fix all your 
problems

Read It Yourself, 2013
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Theory
SETUP
DIGIT: 𝛾𝛾 bits
RADIX: 2𝛾𝛾 bits

Key insight: allows us to bound the number of recursive levels to

So each element only participates in                  levels, v.s.              !!!  

Non-recursive work per level (distribution, comparison sort) has at most O(n)

Now total work (work per level * number of levels) = 

Clever First Fairytales
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Theory

Does this general theory apply to Dovetail sort as well?

Need to show that sampling and Dovetail merge don’t add higher-order costs.

Without sampling and merging,       size problem has               work

Cost of sorting samples: =  overall work

Cost of Dovetail merge:               binary searches of       records =                             ≈ 
Moving at most       records has             work + copying out and back            records = 

= asymptotically still                          !!!!

✅
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Theory

Special distributions: if there are a lot of duplicates we get O(n) work! (Recursion tree collapses!)
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Experiments

Tested algorithms
2.1 GHz Intel Xeon Gold 6252 CPUs
96 cores total
1.5TB main memory

Machine

Data distributions

: uniform with 𝜇𝜇 distinct keys

: exponential with param 10-5𝜆𝜆

: Zipfian with param s

: custom kryptonite distribution Bit-Exponential
(problem sizes uneven, maximum recursion)
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* Other integer sort algorithms are competitive with 
DTSort on light distributions but much slower on heavy

* Integer sorting algorithms affected more dramatically 
by increase from 32-64 bits than comparison due to 
work bound dependence on r

* Worst performance happens on Unif-103 when 𝛾𝛾 is 
close to threshold for finding heavy keys at root level 
(light keys are pretty heavy) 

* Bit Exponential causes huge load imbalance as none 
of the MSD zones are of similar size. Heavily affects IS, 
especially stable IS. Merging step in DTSort takes 
~50% of running time.

Experiments: numerical distributions
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Experiments: real world use-cases

* DTSort performs best on graph transpose except for 
ClueWeb (largest), where SampleSort beats out

Cosmo50 is k-NN graph with relatively evenly 
distributed degrees

* Morton Order on real-world graphs done best by 
existing integer sort algorithms/comparison sort, but 
best average because no “worst case” performance.
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Experiments: in-depth breakdown

* Heavy key detection does make a difference when 
the distribution is heavy

* DTMerge outperforms parallel merge because it does 
not require copying all records between input and 
temporary arrays

* Scaleable
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Conclusion + discussion questions

Strengths
• Extremely thorough and takes on a significant challenge (make a better algorithm and provide first theoretical 

bounds for whole family of parallel IS  algorithms to explain why they empirically outperform comparison sort)
• Really elegant approach (magic γ!)
• Successful algorithm – removes worst-case behavior and can improve average-case speed too
• Comprehensive and fair experiments

Weaknesses
• Analysis ignores NUMA, cache line alignment, etc. (integer sort is memory bound – how does memory subsystem 

impact the algorithm performance?)
• Dovetail merge is complex to implement (alas)

Questions
• Why stick to MSD? Could LSD/MSD local/global hybrid improve work/span bounds?
• Is counting sort really always better for small r?
• Could we adaptively pick γ?
• How might dovetail merge be applied to other contexts? Parallel graph algorithms, etc.
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