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What is kd-tree?

Managing (k-dim) n points like Binary Search Tree

● For each node, cut the space in ‘half’
● Choose any dim, cut until base case (ϕ)

X > 7

Y > 6.5 Y > 5.5 

Y > 8 X > 5 X > 10 X > 12

Operations

● Insert, Delete  (= Updates)
● Queries

○ k Nearest Neighbors, range find / count, etc
● (Construct, Balance)



What is kd-tree?

Analysis (balanced, sequential)

● Dimension D <~ 10
● O(n) space, O(n log n) construction
● O(log2 n) update, O(n(1-1/D)+m) query

Applications

● Databases, Data science
● Machine learning, Clustering algorithms
● Computational geometry



Objective & Overview

Designing parallel kd-tree

● (Read-only) Queries can be parallel
● Updates are processed in batch of m ops

Goal (with high probability)

● Work O(n log n), span O(polylog n)
● Cache complexity O(n/B logM n) (i.e. almost O(n/B))

How?

● Construct faster; do multiple levels at once
● Always work in cache-sized chunks – avoid block movement

https://github.com/ucrparlay/Pkd-tree 

https://github.com/ucrparlay/Pkd-tree


Preliminaries

● Points have different coordinates
○ For any dimension, we can split points in half

● Probabilistic algorithm
○ Algorithm has random sampling
○ Most analysis works ‘with high probability’ (w.h.p)
○ w.h.p. in terms of n means: 1 - n-c for any c > 0

● D is small (~10)



Tree Structure Overview – ??

(Heap-like memory structure?)

Put points all in one array,
and internal nodes keep ranges and its children internals;
We re-arrange points when building tree.

Static queries are same. We don’t analyze here



‘Plain Parallel kd-tree Construction’

● Do the below, and recurse down until base case
● Given array of n points, find a median and partition all points:

○ Parallel find a pivot in a chosen dimension
■ Divide and Conquer with Random sampling, or median of medians

○ Parallel partition in <, =, > (get prefix sum and relocate)
○ Recurse until base case

● O(n log n) work, O(log2 n) span
○ O(log n) levels, O(n) work and O(log n) in each level
○ Bad cache efficiency near the root

■ O(log n) rounds of data movement

X > 7

Y > 6.5 Y > 5.5 

Y > 8 X > 5 X > 10 X > 12



Parallel Construction Overview

● From n points P, get a sample of points S

● Build skeleton kd-tree with λ levels, with only S

● Distribute all P according to the skeleton tree (sieve points)

● Recurse until base case (ϕ)



Sieve Step

We have λ levels (= 2λ buckets) into which we distribute points

Each thread processes chunk with L points (fits in cache)

● Get bucket id for each point

● Build a count, and prefix sum

● Relocate points accordingly



Batch Update

How to maintain balance while updating?

● Set a balancing margin α, and reconstruct when it’s too imbalanced

Use the existing kd-tree as a skeleton, and sieve points

Reconstruct the whole subtree when it’s imbalanced

Note: λ can start anywhere



Analysis

What is a probability of skeleton (built from samples) being ‘even’?

● Less points, higher ‘skewness’ (farther from the real median), deeper tree

● Sample size about 2λ c log n is safe enough (why?)

Construction:

● O(n log n) work, O(log2 n) span*

● All fit in cache, except copying points

● O(n/B) for each recursion,

● so O(n/B log n / λ) cache complexity



Parameters & Implementation

Parameters (decided from experiments)

● Levels λ = 6 (= ε log M), chunk size L = 2λ

○ To do sieve inside cache

● Sampling size σ = 32, base case size ϕ = 32, 
○ To find good enough skeleton; Granularity control

● Balancing parameter α = 0.3
○ Subtree size can be 0.2n - 0.8n – balancing depth and reconstruction

● Put points in array, and make internal nodes point to intervals

● Choose widest dimension for splitting



Experiments - Basic Benchmark



Experiments - Metrics



Experiments - Real-World Benchmark



Conclusion

Parallel kd-tree with batch update - 10x faster

● Construction

● Batch update



Review

Awesome writing

Preliminaries/definitions, diagrams, codes, order of presentations, …

Comprehensive experiments

Little too comprehensive – hard to track all observations and decisions

Rigorous complexity analysis

Is not always fastest?

Why was it slow in some cases, esp. high D? (no bounding box / worse split?)

How to choose good parameters? (Are they universally good?)



Questions & Future Works

Can we parallelize single range report query?

In sieving, can we get bucket id in min(D, λ) time? (Instead of λ)

Can we avoid sieving with atomic operations?

Instead of building prefix index, copy points with faa(bucket.index)

Can we make this deterministic?

Can we do similar things with usual segment/interval trees?

Coalescing levels to make things cache-friendly




