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Memory Hierarchy in Modern Computers 

• From 6.1910, we know… 


• DRAM is 10~100x slower than SRAM 


• Disk is 100,000x slower than DRAM 


• Fetching successive words in DRAM is ~5x faster than first word 


• Fetching successive words in Disk is ~100,000x faster than first word 

(Source: 6.1910)



Caches
(Source: 6.1910)

• Cache: small interim storage 
component that retains data 
from recently accessed 
locations 


• Relies on locality principle (it is 
likely for accesses that happen 
at a similar time to also access 
places that are close in 
memory) 



Direct Mapped Cache
(Source: 6.1910)

• Each memory location maps to a specific line 



Fully Associative Cache
(Source: 6.1910)

• Each memory location can map to any specific line (must compare tags of all entries to find a 
matching one) 


• Most of the times find a balance between direct mapped and fully associative of n-way 
associative



Ideal Cache Model

• Two-level memory hierarchy with an ideal data cache of  words and 
arbitrarily large main memory. Each line can store  consecutive words 


• The cache is fully associative (blocks can be stored anywhere) and uses 
optimal offline strategy for eviction. It replaces cache block farthest away in 
future.  

M
B

• Additionally, assume that Cache is tall  M = Ω(B2)



Measures for Ideal Cache Model
• Algorithm of input size  is measured by , conventional running time 


• Cache complexity of  which is number of cache misses 
algorithm incurs as function of size  and line length  of ideal cache 


• Algorithm is cache aware if it contains parameters that can be tuned to 
optimize cache complexity (for a particular M, B) 


• If not, it is cache oblivious 

n W(n)
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Historical Background / Relevant Works

Proved lower bounds on I/O 
complexity of matrix 
multiplication, FFT. 


Model used temporal locality 
using two levels of memory but 
no caches.


Later inspired the ideal cache 
model 



Cache-Aware Matrix Multiplication
• A, B, C are n x n and stored 

in row major order 


• Assume n is big and n > B


• Ord-Mult computes block 
multiplications in and 
then does 

O(s3)

Cij ← Cij + AikBkj



Cache-Aware Matrix Multiplication 

• Choose s greatest so that 3 s x 
s matrixes can fit in cache. 


• s x s submatrix can fit in                    
cache lines


• Each Ord-Mult call has at most     
misses. This is              . 


• Final cache complexity is            

Cache Complexity Analysis

Θ(s +
s2

B
)

Θ(
s2

B
)

Θ(M/B)

Θ(1 + n2/B + (n/ M)3(M/B))
= Θ(1 + n2/B + n3/B M)



Cache-Oblivious Matrix Multiplication 
• Cache oblivious algorithm Rec-Mult for multiplying  matrix A which is   and matrix B 

which is . Let final matrix M be 


• If m, n, p = 1:  (scalar multiply add) 


• If ,  


• If , 


• If , 


• (Each of the cases recurse in a subproblem)  then  to 
avoid storing intermediate states 

m × n
n × p m × p

C ← C + AB

m ≥ max{n, p} (C1
C2) = (A1

A2) B = (A1B
A2B) .

n ≥ max{m, p} C = (A1 A2) (B1
B2) = A1B1 + A2B2 .

p ≥ max{m, n} (C1 C2) = A (B1 B2) = (AB1 AB2) .

C ← C + A1B1 C ← C + A2B2



Cache-Oblivious Matrix Multiplication 
Cache Complexity Analysis
• Assume that matrices A, B, M are stored in row-major order. 


• Make tall-Cache assumption 


• Has no tuning parameters (cache-oblivious) but can prove uses cache 
optimally 

M = Ω(B2)



Proof of Theorem 2.1 
Cache Complexity Analysis

• Proof of work is simple. For complexity, let  be the largest constant 
sufficiently small s.t. for submatrices  where  

, they all fit in the cache. 


• Case I:  (matrices do not fit in cache) 

α′￼ > 0
m′￼× n′￼, n′￼× p′￼, m′￼× p′￼

max{m′￼, n′￼, p′￼} ≤ α M

m′￼, n′￼, p′￼ > α M
Technically, 
algorithm recurses 
more but for cache 
miss analysis, can 
terminate 
immediately once 
they all fit in cache




Proof of Theorem 2.1 
Cache Complexity Analysis

• Case I:  (matrices do not fit in cache) m′￼, n′￼, p′￼ > α M Technically, 
algorithm recurses 
more but for cache 
miss analysis, can 
terminate 
immediately once 
they all fit in cache


This recurrence evaluates to  and similarly can do three other cases for 
 to prove the theorem


Q(m, n, p) = Θ(mnp/B M)
m′￼, n′￼, p′￼ O(1) for keeping 

track of subarrays 


For square matrices, we get the bound 
which is the same as the cache oblivious algorithm (which we 
saw) 



Cache Oblivious Distribution Sort Algorithm
• Cache Oblivious algorithm that does  work to sort  elements and 

 cache misses 
O(n log n) n

O(1 + (n/B)(1 + logM n))

Guarantee all elements in 
is greater than or equal 

to all elements in  (can 
define a pivot / upper bound 
for )  

Bi+1
Bi

Bi



Cache Oblivious Distribution Sort Algorithm

• Each subarray has index next (next element to read) and bnum (bucket to put next element)


• Each bucket  has a pivot which is greater than all elements in the bucket 


• Initially there is one bucket with a pivot of 


• If a bucket gets bigger than , the bucket is split into two where each size is at least 



• The lower half gets a new smaller pivot (using median finding algorithm) and upper half 
keeps the original pivot

Bi

∞

2 n
n

Distribution



Cache Oblivious Distribution Sort Algorithm
Distribution

• Distribute(i,j,m) distributes elements from subarray i,i+1,i+2 … i+m-1 into buckets 
starting from b_j  


• Given precondition: subarray i,i+1,i+2 … i+m-1 have bnum >= j 


• Satisfies postcondition: subarray i,i+1,i+2 … i+m-1 have bnum>=j+m

Copies all elements in 
subarray i that can be placed 
to bucket j   

Can show inductively that Distribute(1, 1, ) meets the post condition and hence 
distributes all the subarrays as desired

N



Cache Oblivious Distribution Sort Algorithm
Distribution

• For cache analysis can prove case by case by using 
, constant sufficiently small s.t. the space used by 

a sorting problem of size , including the input 
array, fits completely in cache.   

α
αM

• Using ,can prove bound on cache misses using 
lemma 5.2 and solving the recurrence

α



Empirical Results 
• Evaluated matrix transpose and matrix multiplication (show cache oblivious 

algorithms can reach high performance)    


• Equipment: 450 megahertz AMD K6III processor with a 32-kilobyte 2-way 
set-associative L1 cache, a 64-kilobyte 4-way set-associative L2 cache, 
and a 1-megabyte L3 cache of unknown associativity, all with 32-byte 
cache lines

(Lacks temporal locality) (High degree of temporal locality) 



Empirical Results (on local MacBook Pro)

Using Numpy



Possible Directions, Strengths, Weaknesses 
• Is it possible to integrate the ideal cache model with I/O to consider for both 

caches and primary and secondary storage?    


• The ideal cache model makes restricting assumptions of (could some be 
relieved?) 


• Optimal replacement 


• Exactly two levels of memory 


• Automatic replacement 


• Full associativity 


• The ideal cache model also provides theoretical guarantees 

e.g. SM shared memory / scratch pad for GPUs


