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Context behind the paper 

- James Abello, Adam L. Buchsbaum, Jeffery 
R. Westbrook

- AT&T Labs
- Algorithmica in 2002
- Context

- external-memory model (Aggarwal–Vitter, 1988)
- Primitives: SCAN, SORT, …
- “Fixing” classical graph algorithms for graphs 

exceeding RAM.



The External Memory Model
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I/O Complexity Primitives
SCAN: 

- Bring in N elements in groups of size B

SORT

- Merge Sort
- Read and sort M-sized chunks in RAM. 
- Merge M/B runs at a time in a buffer

BUCKETING

- Keep M/B bucket buffers in memory
- Scan the input, placing each record into its 

bucket’s buffer
- Write each buffer when full

- Number of buckets k exceed M/B?



Functional Restriction
- “... information, once written, remains 

unchanged.”
- Practically, allows for checkpointing. 
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Subroutines



Selection

Find a value of a specified rank

- Median of medians
- Lemma 3.3:

Relabeling

w u v

Replace each edge endpoint with its parent

- Sort the mapping (x,y) by x
- Sort edges (u,v) in E by v 
- Scan both lists together, creating new 

edges E’ applying the mapping
- Sort edges (u,v) in E’ by u
- Scan both lists and replace
- Lemma 3.4: 



Contraction

Replace identified groups with super-vertices

- Scan each supplied group and choose a 
representative

- Construct a rooted-star mapping
- Use relabeling to apply the mapping to 

every edge of the graph

Correctness

- Lemma 3.1: This contraction is safe for 
connected components

- Lemma 3.2: Recursive contractions will 
correctly compute CC

Lemma 3.5: 

Filter out specific edges or vertices

- Sort E, Sort deletion list D
- Scan D and E together and write E only if 

its absent from D

- Sort deletion list D
- Sort (u,v) in E by u
- scan and discard if d = u
- Repeat for (u,v) in E by v

Lemma 3.6: 
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Algorithms



Problems

Connected Components Minimum spanning forests

Bottleneck minimum spanning forests

Maximal matching

Maximal independent set

*Images from wikipedia

Subroutines: SCAN, SORT, BUCKET, 
Selection, Relabeling, Contraction, Deletion



Deterministic Connected Components
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Runtime:

- Choose half the edges O(scan(E))
- Contract in O(sort(E))
- Combine Components O(Sort(E))

T(E) <= 2T(E/2) + O(sort(E))

T(E) in O(sort(E)log(E/M))

Contraction

relabel



Sparsification
a

b c

de

f 6 Nodes

9 Edges
SparseCC(G):
    // summarize both halves, then use the summaries
    if G fits in RAM:
        Compute and return its component-star forest

    if G has at most V edges: // E/V groups
        return BasicCC(G)

    Divide the edge list into two halves G1 and G2
    F1 = SparseCC(G1)
    F2 = SparseCC(G2)

    return BasicCC(F1 ∪ F2).

Why are they good external algorithms?

- Streaming
- Recursion
- Compression  
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Randomized Minimum Span Forest 

RandomizedMSF(G):
    if G fits in RAM:
        Compute and return its minimum spanning forest.

    Borůvka x2:
        vertices select cheapest incident edge
        Contract the selected trees creating G’

    H = G’ keeping each e with prob 1/2 

    F1 = RandomizedMSF(H)

    Remove each edge (u,v) from G′ that is heavier than
    the heaviest edge on the path from u to v in F1.
    Keep edges whose endpoints are not connected in F1.
    Call the remaining graph G″.

    F2 = RandomizedMSF(G″)

    Return S ∪ F2, restoring original edge endpoints.

Why are they good external algorithms?

- Streaming
- Recursion
- Compression
+ Random sampling: subgraph providing 

evidence to shrink the large graph
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1) Borůvka 2) Contract their trees 3) Sample Edges and MST

4) Remove large edges 5) Recurse MST 6) Merge

xz_max = 5
8 > w_max (discard ) 



Generalized Algorithm

ALGO(G):
    if G fits in RAM:
        Compute ALGO(G) normally

    Reduce Graph if possible (Borůvka)

    G1 = subgraph with less edges
    P = ALGO(G1)
    Random Sample

    Use P to simplify G to G’
    Contract G’
    Delete using info from random sample

    R = ALGO(G’)
    Return Combine(R, P)



Semi-External Problems

Nodes fit in RAM, but Edges do not

- CC: Keep union–find in RAM. Scan edges and merge their endpoints’ 
components.

- MSF: Keep forest in RAM. Scan and add edges e; if e creates a cycle, 
remove the cycle’s heaviest edge.

- MM: Keep each vertex’s matched/unmatched status in RAM. Accept an 
incoming edge if both endpoints are unmatched.



Main Takeaways

- IO model 
- Subroutines: SCAN, SORT, BUCKET, 

Selection, Relabeling, Contraction, Deletion
- Sparsification
- Randomization
- Semi-External Problems

ALGO(G):
    if G fits in RAM:
        Compute ALGO(G) normally

    Reduce Graph if possible (Borůvka)

    G1 = subgraph with less edges
    P = ALGO(G1)
    Random Sample

    Use P to simplify G to G’
    Contract G’
    Delete using info from random sample

    R = ALGO(G’)
    Return Combine(R, P)



Critique

- No experimental validation
- Difficult layers of subroutines that would 

also need to be fast.
- Contribution and general takeaways 

were difficult to grasp. Patterns between 
algorithms was difficult to grasp.

- BMSF is a derived result, overclaimed.

- Why do we think these graph problems 
were picked to showcase External 
Graphs?

Discussion
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Appendix



Maximal Matching


