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Background: Sorting and CDF

● Sorting is a foundational problem in comp-sci

● Core Intuition: [CDF of sorted array]
○ CDF returns  proportion of input below x 

● In the case of the exact CDF with 0 duplicate values

Issues

● Unlikely to be able to create a perfect CDF of data

● Even if perfect CDF, maybe slower than Radix



Imprecise Models, Drawbacks, Benefits

Collisions

- Imprecise model likely maps multiple keys into the same position in output array
- Spill Bucket: List of colliding elements => traditional sort & merge

Non-monotonic Model

- a < b !=> F(a) < F(b) [output not perfectly sorted]
- Further work to fix imperfection [Insertion Sort]

Key Benefits

- Errors caused by non-monotonicity lead to small deviations in position in output
- Possibility to reduce collisions



Naive Algorithm

Collision-Handler = Spill Bucket

Param o: can be utilized to reduce 
collisions

- Compact over provisioned output 
array

Issues:

- Little cache locality
- Room for improvement in collision 

reduction



Naive Algorithm Cache Locality Under Ideal Case

In the ideal  case of array A = [0…1e9], randomly permuted 

- Key = Index

Time to distribute keys in ideal case > cache optimized Radix Sort 

- Inefficient => need cache local algorithm



Algorithm 2 | Learned Sort

● Multi-level bucketing | param=[f, t]

● In Bucket Sorting [last-level]

● Compact and Insertion Sort

● Merge with Spill Buckets



Algorithm 2 Core - Bucketing
-  Implementation Details:

- Alternating Read and Write buckets [A & B]
- Fanout (f) parameter

- Recursively split buckets into f B/f buckets
- Threshold (t)

- Base case on bucket sizes
- Optimal Value f:

- Large: Better use of model information
- Small: Better cache locality [keep all 

buckets in cache]
- Optimal value t:

- Large: Reduced Collisions
- Small: More efficient in-bucket sort



Alg 2: Bucketing



Algorithm 2 - In Bucket Reordering

- Count number of items 
mapping to diff bucket 
indices

- Prefix Sum [& self]
- Use as index offset to insert, 

decrement for next position



Implemented Optimizations

● Use model in batches [cache optimal]
● Overprovision arrays [1.1x] => reduce collisions
● One bucket at a time

○ Recurse on one bucket at a time
○ Cache optimal



CDF Model: RMI

● RMI=Recursive Model Index
● Cheap to train, quick inference
● Structure

○ Multi-Layer fanout

● Deeper layers specialize [learn output rage at fine granularity]
● Selected to use Linear Spline Fitting

○ Better Monotonicity
○ Faster training



RMI Training

- Sample Data
- Train Layer
- Scale output to be able to select 

model in next layer
- Pass subset of data to next layer



RMI Inference

● Recursively select model
○ Feed same data back into each model selected



Analysis

- E[in spill bucket] when t = 1
- Analogous to random hashing



Sample Size

- Dvoretzky-Kiefer-Wolfowitz Inequality => O(1/ √ n) difference between sample 
and real CDF

- Large Sample Size => Large training time



Complexity

- N = number items
- L=# layers in RMI Model,
- t = bucket recursion basecase
- s = size of spill bucket

- Stage 1: Approximately O(N*L) cost of calling model
- Stage 2: In Bucket Sort O(n)
- Stage 3: Compaction & Insertion Sort = O(Nt)
- Stage 4: O(slogs) + O(n) 



Sorting Strings

- Monotonically encode characters
- Values [0..1] & Monotonic but not good CDF
- Normalize => [outputs will be clustered => need to learn a normalization]
- Model learns roughly equally sized buckets



Evaluation

● Model training time included as part of overall time
● Comparison against

○ C++ Radix Sort
○ Timsort
○ IS^4o sort

● Measured by Sorting Frequency (keys sorted / sec), higher = better
● Light Teal = Learned Sort



Overall Performance

- Average 30% higher 
throughput then next best

- 55% compared to radix

- Comparable to Radix when 
data fits in L3 cache



Across Datasets



Model Choice

- Previous choice of 
model effective.



Per Stage Performance



Conclusion

● Novel approach to excelerate sorting using a learned 
approximate of the CDF of the distribution

● Significant performance improvements compared to existing 
competitive algorithms.

● Future Work: Handling Strings, Complex Types, Parallel 
Sorting



Takeaways

● Strengths: 
○ Integrated hardware optimization with general approach to increase performance.
○ Effectively explains trade offs in algorithm parameter selection.

● Weaknesses:
○ Lack of comparison against “optimal” 0-overhead case when implemented w/ 

cache improved bucketization
○ Non-rigorous runtime analysis
○ No heuristic for selecting model parameters fan-out (f) & threshold (t)

● Questions
○ Parallelization of algorithm
○ Exact implementation of choice of model
○ Difference between ideal & ideal w/ Bucketization


