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Clustering

Problem (informal):

Group objects in such a way that objects in the same group (cluster)
are more similar than those in other groups (clusters).
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Flat and Hierarchical Clustering

Flat Clustering:

Assign objects to clusters (no structure relating clusters to

other clusters)

Hierarchical Clustering:

Build a hierarchy of clusters called a dendrogram
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Often want clusters to be formed by binary merges

of sub-clusters

Dendrograms usually equipped with a weight (similarity) indicating

how similar the two merged clusters are




Hierarchical Graph Clustering

Problem:

Given a graph with positive edge weights representing distances (smaller
is more similar), compute a hierarchical clustering of the graph
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Background: Boruvka’s Algorithm

Cut property:
Let S be any subset of vertices. The minimum cost edge on the boundary of
Sis in the MST.




Background: Boruvka’s Algorithm

def Boruvka(G(V, E, w)): o /.
# Compute the minimum edge out of each vertex.
Let the set of min-weight edges be MinE. O(IOg I”l) depth

# by only edges in MinE. O(IOg n) depth
C = Components(G[V, MinE])

# Compute connected components on the graph induced %B
0 - o

(’:3‘9/

# Contract the graph to the components of C. An edge
# (u,v) in E is discarded if C(u) = C(v). For
# duplicate edges (u,v) with C(u) != C(v), keep the O(l()g n) depth

# minimum-weight edge.

GC = ContractMin(G, C) o N cor orertd
return MinE U Boruvka(GC) W P o/;/ /Z ¢

~
Overall parallel cost is:

O(mlogn) work O(log? n) depth

How many components can there be in C?

Hvertices (deterministically) decreases by a
constant factor per-round N> Mo «-— 2 00)
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Figure 1: An example of how affinity may produce a large component in one round.
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Algorithm 1 MST of Dense Graphs

Input: A weighted graph GG
Output: The minimum spanning tree of G

1: function MST(G = (V, E), €) S
2: c < log, (m/n) /“/ > Since G is assumed to be dense we know ¢ > 0.

"
O

3: while |E‘ P O(TLH_E) do / whik  aot c{ti’ solvalle o .n‘n,k ma.chs

4: REDUCEEDGES(G, ¢)

5: c+ (c—¢€)/2

6: Move all the edges to one machine and find MST of G in there.

7. function REDUCEEDGES(G = (V, E), ¢) (. - (V- Ui,
8: k + nlc—e)/2 I A d
9: Independently and u.a.r. partition V into k subsets { V7, ..., Vi }. L £ {
10: Independently and u.a.r. partition V' into k subsets {Uq, ..., Ux}. '((V, “) ¢
11: Let GG; ; be a subgraph of G with vertex set V; U U, containing any edge (v,u) € E(G)

where v € V; and u € U;. veV; and

12: forany¢,j € {1,...,k} do
13: Send all the edges of G; ; to the same machine and find its MST in there. we i ) ?] )
14: Remove an edge e from E(G) , if e € G; ; and it is not in MST of G ;.

(MST oA W uw:h'cul < n- | /MC’T(L-J )/é [V;I U{“j'"{
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Algorithm 1 MST of Dense Graphs

* n+0 Input: A weighted graph G
Output: The minimum spanning tree of G

. | \
’0 " l hens V&/h s J
4 7 1: function MST(G = (V, E), €)
c < log,, (m/n) > Since G is assumed to be dense we know ¢ > 0.
Independently and u.a.r. partition V' into k subsets {U, ..., U }.

while |E| > O(n'™¢) do

REDUCEEDGES(G, c¢)

c+— (c—¢€)/2
Move all the edges to one machine and find MST of G in there.
(A_ . function REDUCEEDGES(G = (V, E), ¢)
L(’ {. u’l -7 e }

.) y e {, k } ) Let Gez-,{/be zsul;g{]aph of G with vertex set V; U U; containing any edge (v,u) € E(G)
LN cev @ wnere v ; ana u g
AﬂJ ‘F, WA (lp,/ ‘,M 12 foranyi,j € {1,...,k} do
13: Send all the edges of GG; ; to the same machine and find its MST in there.
. 14: Remove an edge e from E(G) , if e € G; ; and it is not in MST of G, ;.
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k « nlc—e)/2
Independently and u.a.r. partition V' into k subsets { V1, ..., Vi }.
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Algorithm 1 MST of Dense Graphs

Input: A weighted graph G
Output: The minimum spanning tree of GG

5 _ wl (. ,.;\ ( "'”l l"'&f- 1: function MST(G = (V, E), ¢) | |
6"’ C( - V) \l& log,, (m/n) > Since ( is assumed to be dense we know ¢ > 0.
>

3: while |[E| > O(n'"¢) do
(Lf - e)/z c+ (c—¢€)/2

REDUCEEDGES(G, ¢)
o L(A’ k = n = 6: Move all the edges to one machine and find MST of G in there.
( 7: function REDUCEEDGES(G = (V, FE), ¢)
: k + nlc—e)/2

¢ 9: Independently and u.a.r. partition V' into k subsets { V1, ..., Vi }.

<. y 10: Independently and u.a.r. partition V' into k subsets {U7, ..., Uy}.

a R lb.r T . o Mﬂ (“ ) . NO“"C 1"“ 11: Let GG; ; be a subgraph of G with vertex set V; U U; containing any edge (v,u) € E(QG)
where v € V; and u € U;.

12: foranyi,j € {1,...,k} do

13: Send all the edges of G; ; to the same machine and find its MST in there.

14: Remove an edge e from E(G) , if e € G; j and it is not in MST of G| ;.
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Algorithm 1 MST of Dense Graphs

Input: A weighted graph GG

. Output: The minimum spanning tree of GG
. i
o + _ va ‘l" . Ir ( “ﬂl ‘+c(° 1: function MST(G = (V, E), €) | |
[/ C - : c < log,, (m/n) > Since G is assumed to be dense we know ¢ > 0.

while |E| > O(n'*¢) do
REDUCEEDGES(G, ¢)
c+— (c—e€)/2
Move all the edges to one machine and find MST of G in there.
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( . function REDUCEEDGES(G = (V, E), ¢)
k < nflc—e)/2
7 - [ L. ) Independently and u.a.r. partition V' into k subsets { V1, ..., Vi }.
’ LL * (.d—bk a— ‘: j l or I ‘" J ~ Mﬂ )7 1 Independently and u.a.r. partition V' into k subsets {U7, ..., Uy}.
’ 1

Let GG; ; be a subgraph of G with vertex set V; U U; containing any edge (v,u) € E(QG)
where v € V; and u € Uj;.

ncl - 12: forany i, j € {1,...,k} do
’ E a‘\ VQ,A’( | & “I\ 6- S Wf ﬁd, ﬁ'r M "? o 13: Send all the edges of G; ; to the same machine and find its MST in there.
o 4. 14: Remove an edge e from E(G) , if e € GG;_; and it is not in MST of G; ;.
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Definition 4 (Rand index [40]). Given a set V. = {vq,...,v,} of n points and two clusterings
X ={X1,..., X, }andY = {Y1,..., Y} of V. Define the following.

e a: the number of pairs in V' that are in the same cluster in X and in the same cluster in Y .

o b: the number of pairs in V' that are in different clusters in X and in different clusters in Y .

the Rand index r(X,Y') is defined to be (a + )/ (). By having the ground truth clustering T of a
data set, we define the Rand index score of a clustering X, to be r(X,T).

Ve {V‘, vV, , Vs, V‘l}

E‘]. i(’ n=4{ ,
X~ { {V(,Vq',] , {V?..IV31]1J r= erT)
/¢ {{v“vq,\l?_]], &Vﬁa b=

a
-
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Table 1: Statistics about datasets used. (Numbers for ImageGraph are approximate.) The fifth column

shows the relative running time of affinity clustering, and the last column 1s the speedup obtained by
a ten-fold increase 1n parallelism.

Dataset # nodes # edges max degree running time speedup Jnerease W L‘T
LiveJournal 4,846,609 7,861,383,690 444 522 1.0 4.3 0%, See

Orkut 3,072,441 42,687,055,644 893,056 2.4 9.2 — o .
Friendster 65,608,366  1,092,793,541,014 2,151,462 54 59 [[4 0% P
fmageGraph 2 x 1010 ~— 1012 14000 142 4.1

. " - N[u) N N(V} (numk/ CommOon
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Hierarchical Clustering using MST

Compute MST

Postprocess MST to

compute a Dendrogram




